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Abstract—The problem of laminar boundary-layer flow and heat transfer over a long thin cylinder in
uniform flow has been analyzed. Solutions are obtained for small as well as large values of the curvature
parameter. Solutions valid for small values of curvature are extended to apply to in ermediate values of
curvature as well. This is done by casting the expressions into fractions. Finally, these fractions are joined
with the asymptotic solution to produce heat-transfer and skin friction results for all values of the curvature
parameter. The shapes of the velocity and temperature profiles are given graphically.

NOMENCLATURE
see equation (65) and Table 2;
see equation (60);
see equation (65) and Table 2;
see equation (39);
see equation (38);
see equation (65) and Table 2;
see equation (39);
see equation (38);
see equation (10);
asymptotic stream function ;
see equation (30);
see equation (11);
see equations (54, 55) and Table 2;
thermal conductivity ;
an integer;
an integer;
local heat flux;;
local heat flux for zero curvature;

X
average heat flux = 1/x | g(x)dx;
0

average heat flux for zero curvature;
distance from the axis of cylinder;
cylinder radius;

dimensionless temperature (asymptotic
solution);

see equation (31);

fluid temperature;

fluid temperature outside the layer;

T,, uniform wall temperature;

u, velocity component in x-direction;

u*,  dimensionless u, see equation (5);

U, uniform main stream velocity;

v, velocity component in r-direction;

v*,  dimensionless v, see equation (5);

X, distance along cylinder axis;

z, dimensionless transverse coordinate,
see equation (26).

Greek symbols

B, see equation (26);

¥s Euler’s constant (-5772157... . ;

d, true displacement thickness
(0+R?—-R*= Zj;(l — u/U)rdr;

1, dimensionless transverse coordinate,
see equation (5);

0, dimensionless temperature, see equa-
tion (5);

0,  seeequation (12);

U, fluid viscosity;

v, kinematic viscosity ;

g, the curvature parameter, see equation
5);

o, Prandtl number;

T, local skin friction;

7o,  local skin friction for zero curvature;

T, average skin friction;

T,  average skin friction for zero curvature.
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1. INTRODUCTION

THE PROBLEM of flow in the axial direction over
the outer surface of a cylinder represents an
example where an ordinarily second-order effect
becomes of primary significance. The strong
existence of transverse curvature in this flow
justifies ignoring all other second order effects
such as that of the displacement speed (see for
instance Van Dyke [1]).

Extensive work on the flow aspects of this
problem may be found in the literature. Seban
and Bond [2] obtained a series solution valid
for small values of the curvature parameter. The
solutions given by Seban and Bond together
with the numerical corrections of Kelly [3]
constitute the extent of the literature dealing
with solutions valid for small values of the
curvature parameter ¢ = (vx/UR?)} where v is
the kinematic viscosity, x the distance along the
cylinder, U the velocity of the uniform stream
and R the radius of the cylinder. The Seban—
Bond—-Kelly solution for skin friction which
applies to about ¢ = 02 already shows a strong
influence of ¢ on the skin friction.

The flow behaviour for large values of ¢ is
discussed by Batchelor [4] on the basis of
analogy to a transient conduction problem
solved by Rayleigh [5]. A more systematic
approach is given by Stewartson [6] who
expands the flow quantities in terms of descend-
ing powers of log (4¢%/D) where D is a number
whose natural logarithm is the Euler number.
Glauert and Lighthill [7] finally resolve the
flow problem by first obtaining a fairly accurate
solution by integral technique (good for all
values of &). They then connect the Seban-Bond-
Kelly solutions with their own asymptotic
solutions. The interpolation is arrived at by
inspection, using the integral solution as a guide.

Although a two term expansion for heat-
transfer quantities is given by Seban and Bond
for a Prandtl number of 0715, an exact and
comprehensive treatment of the temperature
problem remains apparently nonexistent.

The present work consists of series solutions
obtained for small values of ¢ and Prandtl
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numbers of 0-7, 1 and 10. The method used here
is slightly different from that given by Seban
and Bond. Furthermore an asymptotic solution
is derived for the flow and heat-transfer quanti-
ties in a manner similar to one given by Glauert
and Lighthill The method does not require
numerical integration and therefore the heat-
transfer results may be calculated for any
Prandtl number. The small & solutions for skin
friction and heat transfer are cast into fractions
and joined with the asymptotic series at appro-
priate values of £ This leads to fairly simple
expressions for skin friction and heat transfer
valid for all values of &.

Finally a finite difference solution generated
up to & = 4 provides information on the shapes
of the velocity and temperature profiles which
should be of qualitative interest.

2. FORMULATION OF THE PROBLEM
Designating x as the axis of the circular
cylinder and r as the radial coordinate, the
governing boundary-layer equations with the
inclusion of transverse curvature can be written

as,
du du vo ([ du
“a‘x”T;é?(’a)’ M
ou v Ov
a L rL % )
x r or 0. @
oT | aT v 3 (T 5
Yo Y% Twar o) )

where u and v are velocity components in x and
r directions respectively, T is the fluid tempera-
ture and ¢ the Prandtl number.

The boundary conditions are,

u(x, R) = v(x, R) = 0;
T(x,R)=T,; T(x,x)=T. @)

Here T, is the uniform wall temperature and T;
the temperature of the main stream.

The above equations assume constant proper-
ties, zero pressure gradients and negligible

u(x,0)=U
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viscous dissipation. The assumption of zero
pressure gradient is of course not valid, in
general, near the nose region (x = 0) but should
be a reasonable one a few diameters down-
stream—as long as no flow separation occurs.

A curvature parameter £ is now defined which
is similar to the ones given by the previous
workers, namely a quantity proportional to the
ratio of flat plate boundary-layer thickness to
the cylinder radius.

1 [vx\?
t=x(7)

The parameter ¢ represents the extent of
curvature present in the flow but not uniformly
for all x since the growth of the layer will in
fact be slower than x?*.

3. SOLUTION FOR SMALL VALUES OF ¢

Consider the following transformation of
functions and variables

vx\?
¢= <U—R)
"= R) (H)*
vX

u
x _ e
W= )

k3
X
* — 9l
v v<U)

0= (T - TY)AT, - T)). |

Substitution of (5) into (1), (2) and (3) results
in the following partial differential equations

u*(Suf — nuy) + v*uy

o fur S
=2 (u,,,,+ T+ o u,,) 6)

Su¥ — nuy + vy + g é =0 (7)

u*(&0, — nb,) + v*6, = % ( T+t + & ) ®)
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subject to the boundary conditions,
u*(£,0) = v¥(¢,0) = u*(¢, 0) =1
6E0=1; 6¢x)=0 O

Here subscripts denote differentiation. Assume
next the following series representation of
velocities and temperature

= fom + Ef 1) + EFdm + - (10)

v* = go(n) + Eg:(n) + E2gatm) + -+ (11)

0 = 04(n) + £04(n) + £%0,(n) + (12)
Equation (7) is satisfied to 0(¢*) when

go=nfo—Jfo (13)

gi=nfi-2f1-nfo+2f (14)

g, =nf%—=3f, —nfy + 3fi + n’fo ~ 2nfo.
(15)
Further substitution and rearrangement re-

sults in three sets of ordinary differential
equations with n as the variable.

25 + fof§ =

@010 + £46 =0

1o0) = £50) = f50) =05 feloc) = 1[(16)

0(0) =15 By(c0) =0

2+ fofV — £ {+ 28 ‘

Fnfo— s + 2 15 =

@/} + 108 — f3bs L

(7

+ 21+ 102 - fo+ 1/0)8,=0

KO = £10) = £i0 =05 fi()=0

0,00=0; 6,(cc) =0 )
25 + fof5 = 2efs + 35, |
A2+ 2AS Hnfo— fo+ DS
U5+ NI+ 30fSfs = 375 =0

(2/0)03 + fob2 — 2f50, + 2n87/0
+ 21 +nfo— fo+ 1/0) 8,
—(f1+nf)0, +3(fa+nfy — f1)0=0
£0) =130 =0; fi0)=
6,(0) =0 03(c0) =

L(18)
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It should be noted here that the procedure
above is different from that given by Seban and
Bond. The difference arises from the choice of #
in equations (5) which does not allow an a priori
definition of a stream function. The only
advantage of the above procedure is the
convenience in the presentation of the profiles.

Equations (16-18) were solved numerically
using a procedure which provided consistent  °*
truncation errors of the order of 10~7. Figure 1
shows plots of f, f{and f5 and Figure 2 shows  ~°8
8y, 6, and 8, plotted for Prandtl numbers 0-7
and 10. For Prandtl number of unity 6’ are -2
directly related to f’s as

6021"‘,6
by=—1%
0=~ f3

which may be deduced from the analogy
between velocity and temperature distributions

0=1-u* o=1 (19)

o4

-6

FiG. 1. Velocity functions.

The initial conditions resulting from the solution
of (16-18) are listed in Table 1. According to
Kelly [3], f1'(0) and f5(0) are 0-697 and —0-638
respectively. The latter was quoted incorrectly
as —0-797 in reference [7]. The initial condition
for Blausius profile is given with eight places
which may be of value for future work (a more
accurate procedure was used here}.

The skin friction t and the heat flux g may
now be expressed as,

R 1
;_.Uzz{ JO) + Ef1O) + Ef50) + -}

(20) Fi1G. 2. Temperature functions.
Table 1
o 20 1O £30) 85(0) 8,0 8:(0)
07 033205733 069432 —0-65658 —0-29268 —0-66364 062688
1 0-33205733 069432 —0-65658 —0-33206 —069432  0-65658

10 0-33205733 069432 —0-65658 —0-72814 —1-01761 1:12404
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gR 1 .
WL-T) 2{90(0) + £6,(0)

+E00 + -} (@21

Here p is the viscosity and k the thermal con-
ductivity of the fluid. If these quantities are now
normalized with respect to their corresponding
flat plate values (zero curvature), the following
expressions result

/1o =1+ [f{O)f5©)]¢

+[f50)/ 5] & + - (22)
a/d0 = 1 + [6,(0)/65(0)] &
+ [65(0)/65(0)] & + - (23)

The right of (22) is only a function of £ but the
right of (23) is a function of ¢ as well as £. The
other quantity of interest is the true displacement
thickness ¢ as defined by Kelly.

8/R = &{1-7208 — 1-4088¢

+ 4105282 + -} (24)
The limits which lead to (24) are as follows:
lim (n — fq) = 1-7207876
-0
lim (f, —n%/2 +1f6 — fo) = —0071716 » (25)
N>
lim (f, + nf1 — fi) = — 1-6809.
n— o

4. THE ASYMPTOTIC SOLUTION
Now we seek solutions for very large values
of & where the thicknesses of the layers are many
times greater than the cylinder radius. For
large values of £, the use of transformation (5)
is inconvenient and therefore a different set of
functions and variables are introduced.

B =log (4&%)

Ur?

Zz = —
4vx

=
It
(ST
c
SIS

[ (26)
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v(OF _ OF (26)

T-T,
=211 — .
! 2< Tw—T1>

The expression for v in (26) is chosen such that
(2) is identically satisfied. Further substitution
reduces (1) and (3) to the following forms:

ZFzzz+(1+%F+%Fﬁ)Fzz*%Fzeﬂ=0

(27
(fo)zt,, + (/o + 3F + 3F,)t, — 3F,t; =0

(28)
Subject to the boundary conditions
Fe™,p)=Fe™%,B)= Fe™’.p) =0
F0,p) =2 (29)

e %, 8)=0; too,p) =2

We will now consider an expansion of the form
F(z, B) = Fo(2) + B~' F4(2)

+BIF,@ 4+ (30)
1z, B) = to(z) + B~ t1(2)
+B @)+ - &2y

Substitution of (30) and (31) in (27) and (28), and
neglecting terms of the order of B3 results in
the following set of ordinary differential equa-
tions:

ZFy + (1 +4F)F5 =0 (32)
(1/o)zt"y + (1/o + 3F )ty =0 (33)
ZF" + (1 + 4F ) F{ + 3FgF, =0 (34)
(1/o)zt] + (1)o + LF )ty + 3F it =0 (35)

zFy + (1 + 3F o) Fy + 3FgF, + 5F F{
—iF,F3 +iFFy, =0 (36)

(1/0)zty + (1/o + LFo) ty + 3F it}

+ 3F,t + 1Foty — 3F ity = 0. 37

Inspection of boundary conditions (29) reveals
that these cannot be satisfied term by term and
at the same time each term of the series be a
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function of z alone. The boundary conditions
will then be only approximately satisfied with an
error of the order of e™# as follows. Referring
to equations (32-37) and considering that near
the wall (z —» e"#) F,, F,, F,, etc, all approach
zero, we can see that F, and ¢, are all of the form

F,~B,+ C,logz (38)
n=012,.... (39

Relations may be found among the coefficients
b,, ¢, B, and C, by satisfying at z = ¢ # the
conditions

t,~ b, +c,logz,

Y, Fup™" =0 (0)
S =0, (41)
n=0

Equation (40) together with (38) leads to the
following relations:

Co=0; C,=B,_, 42)
Similarly (41) and (39) require that
¢ =0; ¢, = b,_,. (43)

Solution of (32) subject to the boundary
condition Fy(>¢) = 2 is simply,

Fy=B,=2;, Fo=2z (44)

and similarly,
to = by = 2. (45)

Having satisfied (40) and (41) near the wall, we
only have to satisfy conditions for z — oo on
each of F, and t, to be zero. For n > 1 the differ-
ential equations are linear and may be solved
analytically in terms of an arbitrary constant.
These constants are then determined by com-
paring (38) and (39) with the limits of these
solutions as z — 0. These solutions are as
follows

F| = 2Ei(—2) (46)
F,=2[zEi(—z)+ e % — 1] 47)
", = 2¢ " *Ei(—z) — 4Ei(—2z) — [Ei(—2)]*
+ 4Ei(—2z)logz — 6EI(—z) + 2(1 + 3y)
x Ei(—2z) (48)
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t, = 2Ei(—02)
ty = —20 + 2)El{—06z) — 21 + o)
x Ei[—(1 + o)z] + 2e™°* Ei(—z)
- 20Ei(—z) Ei{(—0z) + 21 + o) Ei(—oaz)log z
+2[2y + 2log o + (1 + y) 6] Ei(—02)

+ 2ajEi(—ai)eTld/1 (50)

[+ o]

(49)

where,

z

Ei(—z)=J°T_ldA

o]

El(-2) = JEi(_A)dA

A

and y = 0-5772157 ... ..

In deriving expressions (47-50) the following
limits were used for the functions involved as
z -0,

Ei(—z)~7y+ logz (51)
2
El(—2) ~ % +iy +log2? (52
( . e A
JE:(——UA)TdA ~ (y + logz)
2 rtoget)| % g0 3)
2 12

where

glo) = Z—(—_n—zl)z a", o<1 (54)

_ 1 n’ . (=
o0) = ~ Hogor - = - > =
]

The above procedure uniquely determines the
coefficients C,, B,, ¢, and b, as follows

n _,
770

= 1 (55)
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Co=0 w
B°=Cl—2
B =C,=2

2
B, = C, = 2y —"7—410;;2

=0
o b (56)
bO = Cl = 2
b, =¢, =2 + logo)
nz
b2=c3=2y2—(1+a)?

—21+o)log(l+0)+ 2 —0)
x (log 6)? + 2(2y + o)log o — 20g(0). J

The skin friction and heat transfer may now be
expressed as

R 3 —n
W= &P 7
gR & s

k(Tw - Tl) B ngl cnﬂ ' (58)

Expression (54) for g(o) was arrived at by direct
manipulation of the integral on the left-hand
side of (53). Expression (55) results if the same
sort of manipulation follows integration by
parts. Before (55) was deduced, we attempted to
extend the convergence of series (54) to values
of ¢ > 1. Series (54) was transformed to the
following asymptotic series

N
I n
g(a) ~ E A, <m) + Ry 59
1

where

_ " (=1
Aem Z min = il = D7

and &y is the remainder of the series.

Equation (59) as an infinite series is of course
divergent for all ¢ # 0, however, when truncated
it gives reasonable approximations to g(c) as
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long as ¢ is not too large. It turned out never-
theless that the accuracy for ¢ = 10 was not
adequate. For instance (59) with fourteen terms
gives the values of —0-605, —0-822 and —3-73
for ¢ =07, 1 and 10 respectively—the exact
values being —0-605, —0-822 and —420 to
three significant digits.

5. JOINING OF THE TWO SOLUTIONS

Solutions given in Section 3 are limited to very
small values of ¢ and those given in Section 4
are only valid for very large values £ We will
attempt here to provide information for the
intermediate values of £ by utilizing a matching
technique. Although, strictly speaking, joining
of profiles is possible, it involves a tedious
process leading to expressions too lengthy
to be of much value. We will therefore confine
this section to joining of skin friction and heat
transfer.

We will start by rewriting expression (22) for
the normalized skin friction which is independ-
ent of Prandtl number

t/to = 1 + E{2:09096 — 197731 & + --- ).
(61)

We then cast the bracket in (61), using
Euler’s transformation, into the form

/1o = 1
¢

+ ¢ {2-09096 - 1'977311—+—c + } (62)

If the first few coefficients of the series (62) differ
from 2, in absolute value, only slightly (a pure
conjecture at this point) then for small and
intermediate values of £, (62) may be approxi-
mated by

1+4¢+ 282
1+ 2¢

Expression (63) is now used only as a guide for

casting (61) into a fraction of the form

1+ aé + b&* — &3
14+ 2¢

/19 ~ (63)

/10 =

(64)
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Coefficients a and b are then determined from
(61) and c is to be found by matching with the
asymptotic expression at an appropriate value
of £ = £,. We use the same procedure for the
heat flux.

_ 14 af + bE — &3
q/qO“ 1+2é s

Table 2 shows the values of g, b, c, £, and also
g(o) for various values of ¢. The values of the
coefficients for skin friction are identical to
those for heat flux for Prandt! number of unity.

The foregoing procedure, we feel, is self con-
sistent. The small values obtained for c¢ co-
efficients indicate that the extrapolation of the
small —{ solution by means of fractions is a
reasonable one. Indeed expression (65) with ¢ set
equal to zero predicts the heat flux ratios with
errors of less than 30 per cent. Although no
matching of the slopes was imposed, the
approach of the two solutions is rather smooth.
An alternative method of joining would have
been to match the slopes at £ = &, and thus
determine the coefficient multiplying ¢ in the
denominator of fraction (65)—this was taken
to be 2 based on fraction (63). The derivative of
the asymptotic heat flux ratio with respect to &,
however,is given withmuch lessaccuracy than the
function itself. The maximum error of the joined
solutions should occur somewhere near & = &,
Equation (65) would therefore slightly under-
estimate the heat flux for Prandtl numbers 0-7
and 1; for Prandtl number of 10, however, (65)
would slightly overestimate the heat flux near
¢ = &, because of its slight change of curvature.

Figure 3 shows a plot of the local heat flux
ratio for two Prandtl numbers. The ratio of
average heat flux is also given in Fig. 4. The heat

E<én  (63)
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flux ratios for Prandtl number of unity which
are identical to those of the skin friction would
plot just below the curves for ¢ = 0-7. To give
an idea of the extent of curvature present in the
flow, the values of d/R are also indicated in
Figs. 3 and 4. It is interesting to note that
equation (65) with its simple form is probably
all that one would ever need in a practical case.

6. THE PROFILES

The small —¢ solution provides expressions
for temperature and velocity profiles. These
expressions, however, are not valid beyond
¢ = 0-05. The reason is that the rate of con-
vergence of series (10-12) is a function of 7.
Although convergence near the wall and near
the edge of the layer is fairly good, in the middle
of the layer it is indeed poor. Extrapolation of
the profiles by casting the series into fractions
demonstrates the same trend. The asymptotic
solution also provides expressions for the pro-
files but only in terms of z. Although the
asymptotic expressions may be written in terms
of n, the evaluation of the asymptotic profiles
would require laborious numerical evaluation
of the integrals involved.

In view of these difficulties, the most con-
venient method for finding the profiles was felt
to be a finite difference technique. Hence,
equations (6-9) were written in finite difference
forms with initial conditions (at ¢ = 0-01)
specified by equations (10-12). The mesh struc-
ture was uniform in the &-direction (A¢ = 0-002)
but in the #-direction Ap = 0-025 from n = 0 to
n=1and Ay =02 from n =1 to n = 7. The
value of 7 for n was used as the effective infinity.
The program was run up to ¢ = 4 for Prandtl

Table?2
g a b Em —g(o)
07 426746 2:39306 006130 9 0-60516
1 4-09096 2:20462 005164 10 0-82247 = #n%/12
10 339755 125138 001650 20  4-19828
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F1G. 3. Local heat flux ratio.

3

FIG. 4. Average heat flux ratio.

n
FiG. 5. Velocity profiles.

numbers of 0-7 and 10. The velocity profiles are
given in Fig. S for three values of ¢. The curves
& =0 correspond to the Blausius profiles (no
curvature). The effect of transverse curvature
on u* is, as expected, a reduction of the boundary-
layer thickness. Higher values of ¢ would simply
shift the u* profiles more and more to the left
so that as £ — oo, u*, as a first approximation,
is uniform throughout the layer (except at the
wall 7 = 0). The v* profiles show that introduc-
tion of curvature changes the flat plate be-
haviour. The profiles peak in the middle of the
layer and eventually die out as # — oco. The

maximum value of v* diminishes rapidly with
increasing curvature so that again as ¢ — oo,
v* = 0 to a first approximation.

The temperature profiles for Prandtl number
of unity are expressed as (1 — u*) and for Prandt]
number of 0-7 they are very much similar to
(1 — u*) therefore in Fig. 6 we only plot the
profiles for o = 10.

It should be noted here that the heat flux
results obtained from the finite difference
solution agreed with (65) to at least three signifi-
cant digits for ¢ = 0-7 and 1 and, to at least two
significant digits for o = 10.
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Résumé—On a analysé le probléme de la couche limite laminaire et du transport de chaleur sur un long
cylindre mince dans un écoulement uniforme. Des solutions ont été obtenues aussi bien pour de petites
que pour de grandes valeurs du paramétre de courbure. Les solutions valables pour de petites valeurs
de la courbure sont étendues pour s’appliquer également aux valeurs intermédiaires de la courbure. Ceci
est obtenu en mettant les expressions sous forme de fractions. Finalement, ces fractions sont ajustées a
la solution asymptotique afin de fournir des résultats de transport de chaleur et de frottement pour toutes
les valeurs du paramétre de courbure. Les profils de vitesse et de température sont donnés sous forme de
graphiques.

Zusammenfassung—Das Problem der laminaren Grenzschichtstromung und des Wirmeiibergangs an
einem langen diinnen Zylinder bei gleichmissiger Stréomung wurde analysiert. Loésungen wurden sowohl
fiir kleine als auch grosse Werte des Kriimmungsparameters erhalten. Die fiir kleine Kriimmungswerte
geltenden Losungen werden erweitert, um auch fiir mittlere Kriimmungswerte anwendbar zu sein. Dies
geschieht durch Aufgliederung der Ausdriicke in Teillosungen. Diese Teillssungen werden schliesslich
mit der asymptotischen Lésung zusammengefasst, um Ergebnisse fiir den Wérmeiibergang und die
Wandreibung bei allen Werten des Kriimmungsparameters zu liefern. Die Formen der Geschwindigkeits-
und Temperaturprofile sind graphisch wiedergegeben.

Anporanua—IlpoaHanuaupoBaHa 3ajava TeyeHUA W TernJooOMeHA JJAMHMHAPHOIO MOTpPaHMy-
HOro CJIOA NpH 06TeKAaHMM JJIMHHOrO TOHKOro LMJIMHADA PABHOMEePHHM noTokoM. ITonyyeHu
pelleHns NJA MaJhx ¥ GOoNbIIMX 3HAYEHMII napaMeTpa KpumBH3HH. Pelienusa A Mammnx
3HA4YEeHUI! KPHUBUM3HB PACNPOCTPAHEHH TAKMKe HAa IPOMEKYTOuUHHe 3sHaveHun. [aa sroro
BHIpaKeHNA pasbuBAIOTCH HA YacTH. 3aTeM IJs 3THX YacTeil COCTABIAETCA aCHMITOTHYECKOE
pellleHHe IJIA MOJYyYeHUA RAHHHX MO Teloo0MeHY M NOBEPXHOCTHOMY TPeHMIO IJIA BCeX
aHaveHuit kpusuansl. [IpnBonaTca rpaduku pacrnpeneleHuA CKOPOCTEN U TeMIlepaTyp.



